Let M denote a simply connected, homogeneous space of nonpositive curvature and let G be the connected component of the identity of the isometry group of M.
Introduction. Let Λf denote a simply connected, homogeneous space of nonpositive curvature (K < 0) and let G be the connected component of the identity in /(Λf), the isometry group of Λf.
In this paper we study the geometric consequences on Λf if Λf (oo), the boundary sphere of Λf, admits a G-orbit whose closure is a minimal set for G. In particular, we obtain a characterization of symmetric spaces of noncompact type in terms of the action of G in Λf (oo). As an application, some conditions in terms of properties of the Lie algebra of a simply transitive, solvable subgroup of G that is in standard position, which are equivalent to the fact that Λf is a symmetric space, are obtained.
In § 1 we give a characterization of symmetric spaces in terms of the (/-minimality of the closure of some orbits of G in Λf (oo), or equivalently in terms of K, the stability subgroup of G at any point in Λf, we obtain that Λf is a symmetric space of noncompact type if and only if G{x) -K(x) for a particular x in Λf(oo) (Theorem 1).
In §2 we get a decomposition of ^, the Lie algebra of G, that coincides with the canonical one when M is symmetric. It is used to give, as an application of Theorem 1, a characterization of symmetric spaces of noncompact type in terms of properties of the Lie algebra of a simply transitive, solvable group of isometries of M that is in standard position (Theorem 2).
The author thanks the referee for his valuable comments, and in particular for shortening the proof of the main result. She is also grateful to IMPA (Rio de Janeiro, Brazil) for its support during her visit in the summer of 1990 when this paper was completed.
Assume that M is homogeneous. Then M admits a solvable Lie group S acting simply and transitively on M (see [1, Proposition 2.5] ). Let ό denote the Lie algebra of S. We know that S with the left invariant metric associated to the /7-inner product on 0, which is induced by the action of
, p is any fixed point in M) is isometric to M. Moreover, 0 = \ό, d\ Θ a where a, the orthogonal complement of \ά, d\ in ^, is an abelian subalgebra of ά (see [1, Theorem 5.2] ). For each H G a, γπ(t) = exptH(p) is a geodesic of M since exptH is a geodesic of S (see in [2, §3] the expression of the Riemannian connection associated to a left invariant metric). The connected Lie subgroup A = exρ(^) with Lie algebra a is a flat totally geodesic submanifold of S.
k U = 0 for some /: > 1 and all H Ea} is nonzero. Here, a c and ^c denote the complexification of a and <* respectively (see [2, §5] ).
If G = 7o(M) and # is any maximal compact subgroup of G, by the maximality of K and the Cartan fixed point theorem there exists a point p e M such that K -G p , the stability subgroup of G at /? (Gp is compact by Theorem 2.5 (Ch.IV) of [8] ). Hence for any p G M, G p is a maximal compact subgroup of G since the stability subgroups of G are conjugate in G.
The orbits of G = I$(M)
as minimal sets for G in M(00). Let M be a simply connected, homogeneous space of nonpositive sectional curvature. In this section we give a characterization of symmetric spaces of noncompact type in terms of the G-minimality of the closure of some orbits of
The proof of the following lemma can be found in [3, Lemma 2.4a]. We state it here because it will be used often. Proof. Let γ be a geodesic of M with end points x = 7(00) and y = y(-00) and set p = y(0). Since L(Γ) = M(00) (Γ acts transitively on M) we can find a sequence {^} c Γ such that g«(p)->x as n -• 00. Passing to a subsequence if necessary, gn l (p) converges to a point z G Af(oo) as n -• 00. By Lemma 1.1, z G Γ(y)~ since z is Γ-dualto x and y is joined to x by 7. By hypothesis, Γ(z)~ = T(y)ã nd hence y € Γ(z)~ . We note that Γ(z)~ is contained in the set of points which are Γ-dual to x since this set is closed, invariant under Γ and z is Γ-dual to x. Thus, y is Γ-dual to x or x is Γ-dual to y -THEOREM 1. Let M be an irreducible, simply connected and nonflat homogeneous space ofnonpositive sectional curvature. Set G = IQ{M) .
Let x G M(00) be a point such that G x acts transitively on M. If y G Af (00) is a point that can be joined to x by a geodesic of M, then the following properties are equivalent (1) G(y)~ is a minimal set for G in Af(oo). (2) G(y) = K(y) for any maximal compact subgroup K of G. (3) G[y) is a closed subset of M(00). (4) M is a symmetric space ofnoncompact type. (5) G y acts transitively on M.
REMARK. If M is a simply connected, homogeneous space of nonpositive curvature then M admits a simply transitive, solvable group S of isometries that has a fixed point in M(oo) by Theorem 3.4 of [5] (M has no flat de Rham factor). Moreover, if S is a transitive group of isometries of M that does not have a fixed point in Af (00), then M must be symmetric of noncompact type by [7, Proposition 4.4.7] .
Proof of Theorem 1. (1) => (2) Let ίCGbe any maximal compact subgroup. Then there exists a point p G M such that K = G p , and hence G = K G x since G x acts transitively on M. Let y G Af (00) be a point that can be joined to x by a geodesic of Af. Then,
Let p G Af be the point above, and let x* = 5 p (y) = ^(-00). Then x* is G-dual to y by Proposition 1.2 and the fact that G{y)ĩ s a minimal set for G in Af (00). Hence x* G G(Λ:)~ = K(x) by^(i) and Lemma 1.1, and we obtain (ii) x = A:*(JC*) for some k* e K.
Let g e G be given, and let z = •Sp(g' Q' )) = 7/7^)(-00). Then y can be joined to g~ι(z) by a geodesic of Af, and hence y and g~x{z) are G-dual by Proposition 1.2. Therefore y and z are G-dual, and it follows that z e G(x)~ = K(x) by (i) and Lemma 1.1. From (ii) we obtain (iii) z = k(x*) for some k e K. Finally, y = γ px *(-oo) and therefore k{y) = γ k{p)k(x *)(-oc) = ϊpz(-oo) = g{y) by (iii) and the definitions of p and z. Hence G(y) = K(y).
(2) =^ (3) This is obvious since K is compact. (3) => (4) We set K = G p where /? = γ(0) and y is the geodesic in M such that y(-oo) = j; and y(oc) = c. If (/(y) is closed then G(y)~ = G{y) is a minimal set for G in Af(oo), and hence
fcoy joins fe(jc) and fc(y) through p) and s g{p) = g o s p o g~ι (M = G(p)).
Suppose that X = M(oo). Since Af (oo) is homeomorphic to the (n -l)-sphere, it follows from Baire's Theorem that G(x) (or G(y)) has interior nonempty. Then G(x) (or G(y) ) is an open set in Af(oo) which is also closed, and consequently G(x) = Af (oo). In this case, by applying Proposition 4.12 of [3] , Af is a symmetric space of rank one.
If X ^ Af (oo), it follows from Theorem 3.2 of [6] that Af is a symmetric space of noncompact type of rank > 2 since it is irreducible.
We remark that in the proof above we only needed a geodesic γ of Af satisfying γ{0)=p and G(y(±oo)) = K(γ(±oo)). This completes the proof of Theorem 1.
Note that Theorem 5.4 of [3] and Proposition 4.7.1 of [7] show that if M is simply connected and homogeneous with sectional curvature K < 0, then Af is symmetric of noncompact type if and only if G(y)ĩ s a minimal set for G for every y e Af (oo). Thus, by the remark above, Theorem 1 gives us a strengthened version of this result.
A canonical decomposition of the Lie algebra of /o(AΓ)
. Let M be a simply connected, homogeneous space of nonpositive sectional curvature. We assume that M has no flat de Rham factor. We denote by B the Killing form on ^, the Lie algebra of G = Io(M).
In this section, a decomposition of # that coincides with the canonical one when M is symmetric of noncompact type, is obtained. As an application of Theorem 1, we get some algebraic conditions in terms of p and the data ό, the Lie algebra of a subgroup S of G that acts simply transitively on M and is in standard position, in order to ensure that M is a symmetric space of noncompact type.
A closed subgroup S of G is said to be in standard position if (i) S acts simply transitively on M.
(ii) For some point p e M, B(H, U) = 0 for all H e a and ί/G/, where a is the orthogonal complement of |>, J] relative to the /7-inner product on ό and 4 is the Lie algebra of K, the stability subgroup of G at p.
We remark on the following facts about groups that are in standard position:
(1) If B(a 9 4) = 0 for one point p e M then B(a, 4) = 0 for every p eM.
(2) There is a simply transitive, solvable group of isometries of M that is in standard position. If a simply transitive, solvable group S is in standard position, then gSg~ι is also in standard position for any g eG. We refer the reader to §6 (pages 45-57) of [2] for a more complete discussion. The definition and facts mentioned above are explicitly stated there (6.4, 6.5-(a), 6.5-(c), Theorem 6.7 and Corollary 6.10).
Let S be a solvable Lie subgroup of G that acts simply-transitively on M and is in standard position. Let K be the stability subgroup of G at p, a point in M chosen arbitrarily, and let /ι = {Xϊ ê : B{X, U) = 0 for every Ue4}. PROPOSITON 
p = 4 Θ /ι is a direct sum decomposition of # such that Aά{k)(/ι) c ^. Moreover, a is a maximal abelian subspace

of /*.
Proof. We first show that B restricted to 4 x/ is negative definite. Although the proof of this fact is the same as that in the symmetric case, we include it for the sake of completeness.
Since K is compact and acts on ^ by the adjoint representation Ad(K) c Gl(^), p admits an inner product ( , ) such that Ad(fc) are isometries for all k e K. Thus, adx is skew symmetric with respect to ( , ) for every X e 4. Let {X/} be an orthonormal basis of p with respect to ( , ). For X e ^, B(X, X) = tr(ad x o ad x ) = £(ac£ X t , X t ) and the equality holds if and only if X e *{y), the center of ^. By Theorem 2.1 and Proposition 2.3 of [3] , x{jΐ) = 0 since it is the Lie algebra of the center of G. Thus, B\/ X j is negative definite.
Next we will prove the proposition. It is clear that /ι is a subspace of p which is Aά{K) invariant since 4 and B are both invariant under Ad(K). Since X is a Jacobi vector field on y#, it follows that it is also parallel on γπ (the convex function g(t) = |X(0l 2 is constant and hence, g"(t) = \Vy H9 X\] p{f) -K{γ H {t) 9 X{t)) = 0). Hence, X induces a parallel Jacobi vector field J on the geodesic exp tH in S such that p(J(0)) = X, where /? denotes the projection from p onto /ι associated to the decomposition ^ = 4 @/ι. By the same argument as in the proof of Theorem 1.3 of [4] , it follows that J(0) ea and hence, X € a since a c /ι.
We observe that we have actually shown that C Λ (H), the centralizer of H in /ι, is ^. Here, // is chosen as in the beginning of the proof of Lemma 2.2. ) Let H be an element in a such that C Λ (H) = a (see the remark at the end of Lemma 2.2). Let I E / be fixed and let /: K -> R be the map defined by f{k) = B(H, Ad(k)X). We will show that Ad(k o )X e a whenever k 0 is a critical point of /. In fact, for such a ko (it exists since K is compact) and any U e4 the function of t e R, fu(t) = /(exp tUko) has a critical point at t = 0. Hence, (2) => (3) Note that under our hypothesis K Φ id; otherwise, a = /* and M is Euclidean 0K(X, Y) = 0 for all X and 7 e *). Given X e /ι choose k e K and H e a so that X = Ad(k)H. Then exp ίif(p) is a geodesic of M and hence so is kγ(ή = k(exp tHk~ι)(p) = exp tX{p).
(3) => (4) Assume first that Af is irreducible. Let y# be the geodesic of M defined by γπ(t) = exp tH(p). We choose // a unit vector in ^ such that x = y#(oo) is a fixed point of 5 (see Theorem 3.4 of [5] ) and we will show that if y -y//(-oc) then G(y) = ϋΓ(j/) for K = G p . It will then follow from Theorem 1 that M is a symmetric space of noncompact type since G{y) is closed in M(oo).
Let g be any element in G and set g Λ = exp nHg~ι. Since ylimexp ~nH{p) as /? -» oc, we have that g(y) = lim g exp -nH(p) = limg" 1^) as n -> oo. Suppose that g Λ (p) = expί rt X Λ (/7) with X w a unit vector in /^. Therefore, there exists {k n } c K so that~! exp /flXfl = fc π and < ?~1 =k n exp -t n X n . By assuming that fc rt -• /c, choosing a subsequence if necessary, we get g(y) = limg" 1^) = fc(y) as n -^ oo since X n ^
H (g n (p) -> x)
In the general case, assume that M = M\ x M2 where Λ/i and M 2 are irreducible. Since G -G\ x G2 (direct product) with G z =
Io(Mi), if p = (p\, P2)
an d ^/ is the stability subgroup of G/ at /?/ (/ = 1, 2), we have that K = K\ x K 2 and hence / = /\ 0/2 , where /// is the Lie algebra of ϋΓ/ (/ = 1, 2). Thus, if /*/ is the orthogonal complement of // with respect to the Killing form 2? z on ^/, the Lie algebra of G, , it follows that ^=^iθ ^2 since B -B\® B 2 (note that / = /iθ/2 is a direct sum of ideals). Then the geodesies through the points pi are orbits exp tX\ with X z G /i\ for / = 1, 2, and hence Λ/j is a symmetric space of noncompact type. Therefore M is symmetric. 
